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BBe^eHHe 

B nepBoft nojiOBHHe nponuioro crojieinra K)jiHHr h Yjien6eK [T] 0606- 
miijni KHHeTHnecKoe ypaBHeHHe BojibinviaHa Ha cjiynaft KBaHTOBbix ra- 

30B. 

EtoBefleHHe kb aHTOBbix ra30B npe^CTaBjraeT 3HaHHTejibHbra HHTepec 
h b HacTOHHi,ee BpeMH [2] h [3]. 

IlepBbie aHajiHTHHecKne peineHim rpaHiiHHbix sa^an ^jih MO^ejibHbix 

KHHeTHHeCKHX ypaBHeHHH fljlfl KBaHTOBblX ra30B C nOCTOHHHOH HaCTOTOH 

CTOJiKHOBeHHH 6bijiH nojiyneiibi b pa6oTax |l]-[Zj. 

AHajiHTHnecKHe penieHH5i rpaHHHHbix sa^an fljra KBaHTOBbix ra30B c 
nepeMeHHoft nacTOToii ctojikhob6hhh nojiyneHbi b pa6oTax [S]-jl6j. 

BonpOCbl CKOJIb>KeHH5I OflHOaTOMHblX KJiaCCHHeCKHX ra30B BflOJIb njioc- 

Koii TBep^OH noBepxHOCTH H3Jic»KeHbi b MOHorpacpirax [T7]-[20]. 

YKa>KeM Ha ^pyriie pa6oTbi no CKOJib^Keiniio KjiacciraecKiix ra30B 
BflOJib njiocKoft TBepfloii noBepxHOCTH |21|-[33]. 

Hanajio aHajniTiraecKiiM MeTO^aM b KHHeTiinecKoii TeopHH 6bijio no- 
jio)KeHO pa6oTOH K. HepnimbflHii [34] . B ero pa6oTax (h BMecTe c co- 
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aBTopaMn) [35]-[38] 6bijiH 3ajic»KeHbi H^eii (popMyiiiipoBKii h peinemrH 
rpaHHHHbix sa^aH h c hobbimh (6ojiee afleKBaTHbiMii) rpaHiiHHbiMii ycjio- 

BH2MH II C HaCTOTOH CTOJIKHOBeHHH, 3aBHCHIHeH OT MOJjyjIfl CKOpOCTH 

MOJiexyji. 

Cjie/xyeT OTMeTiiTb eme p^/j, pa6oT, nocB5iineHHbix aHajiiiTiiHecKOMy 
penieHHio rpaHHHHbix 3ajj,aH KHHeTHHecKoft TeopiiH |3D]-[II], a TaK>Ke 
HHCJieHHOMy ii npii6jiH>KeHHOMy penieHHio Taxiix sa/raH |42|— [44] . 

HacT05ima5i pa6oTa 5iBji5ieTC5i npo/jpjDKeHHeM Haineii npejjbijjymeH 
pa6oTbi [TH], rjj,e 6bijia paccMOTpeHa KjiaccnHecKasi 3ajj,aHa khhcthhc- 
ckoh Teopnn - 3ajj,aHa Kpaiviepca 06 n30TepMiiHecK0M CKOJib>KeHiiii jijiji 
KBaHTOBbix (pepMii-ra30B c nepeivieHHoii nacTOTOH ctojikhobchhh 11 c 

IIOJIHOCTblO JJHCpCpy3HbIMH rpaHHHHblMH yCJIOBH5IMH. 

B HacT05imeH pa6oTe 3Ta 3aflana peniaeTCH c Gojiee oGihhmh 3epKajib- 

HO - JJHCpCpy3HbIMH rpaHHHHblMH yCJIOBH5IMII. EtpH 3TOM npHMeHflCTCJI 

MeTOfl, H3Jio>KeHHbra b pafle Haninx pa6oT (cm., Hanpiuviep, [4"5]-|47]). 
rioKa3aHO, hto npiiMeiraeMbiH mctojj, oGjia/jaeT BbicoKoii scpcpeKTHBHO- 
CTbio. Tax, y>Ke BTopoe npn6jiH>KeHHe jjaeT oniH6Ky, MeHee 0.01%. 

1 OopMyjIHpOBKa rpaHHHHMX yCJIOBHH H 

nocTaHOBKa 3a,zj,aHH 

B KanecTBe KHHeTH^ecKoro ypaBHeraiH 6yn,eM iicnojib30BaTb jihhch- 
Hoe ypaBHeHiie (5.11) 113 [IB] 



YpaBHeHHe (1.1) BbiBe^eHO H3 HGjiiiHGHHoro KHHeTHnecKoro ypaBHe- 
hhh fljia KBaHTOBbix cpepMH-ra30B, KOTopoe b ycjiOBH5ix sa^aHH Kpa- 
Mepca mo>kgt 6biTb 3anncaHO b BHfle: 




(1.1) 



-1 
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ripii 3tom cpyHKUHsi pacnpeflejieHH^ f(x,v,t) CB5i3aHa c (pyHKinieft 
h(xi, fi) paBeHCTBOM: 

f(x, v, t) = f F (v) + g(v)C y h(x h li), 

rfle 

V ' (l + exp(^-Li/kT)) 2 2fcT' VAJ 

/f( ^ )= 1 + exp (Pv*-»/kTy fi = ~C' 
x\ = x/(vQyfj3) - 6e3pa3MepHaa KoopflimaTa, i/q = 1/r, r - BpeMH mgjk- 
fly flByMH nocjieflOBaTejiBHBiMH ctojikhobghhhmh (pepMii— HacTiiii, ra3a, 
/ = ti>t - cpeflHsra fljiima CBoSo^Horo npo6era (pepMH-HacTiin,, vt = 
1/y/P - TenjiOBaa ckopoctb (pepMii— HacTiiu,, ^(v) = v/l. 

CcpopMyjinpyeM 3epKajibHO - fliicpcpysHbie rpaHHHHbie ycjiOBHH fljia 
(pyHKi^HH pacnpe^ejieHHa: 

/(+0, v) = qf F (v) + (1 - q)f(+0, -v x , v y , v z ), v x > 0, 

r^e q - KOScpcpiiinieHT ^H(p(py3HOCTH, ^ q ^ 1, /f(i>) - aScojnoTHbiii 
(pepMHaH. 

IlapaMeTp g - nacTb MOJiexyji, pacceiiBaioinHxc5i rpaHnueii fliicpcpys- 
ho, T.e. yxoflamne ot ctchkh MOJieKyjibi hmgiot MaKCBejuiOBCKoe pac- 
npe^ejieHHe no ckopocthm, 1 — q - nacTb MOJiexyji, pacceHBaromHxcH 
3epKajibHO. 

ripoflOJi^KHM (pyHKi^iiio pacnpeflejiemra Ha conp^>KeHHoe nojiynpo- 
CTpaHCTBO CHMMeTpiiHHbiM o6pa30M: 

/0,v) = f(-x, -v x ,v y ,v z ). (1.3) 

ripoflOJi^KeHHe Ha nojiynpocTpaHCTBO x < no3BOJi5ieT bkjuohhtb 
rpaHHHHbie ycjiOBHH b ypaBHeHHH salami. 

TaKoe npoflOJi^eHne (pyHKUHii pacnpe^ejieHHH no3BOJi5ieT (paKTHne- 
ckh paccMaTpiiBaTb flBe sa^ann, oflHa H3 KOTopbix onpe^ejieHa b "no- 
jio>KHTejibHOM" nojiynpocTpaHCTBe x > 0, BTopaa - b OTpimaTejibHOM 
"nojiynpocTpaHCTBe" x < 0. 
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CcpoptviyjiiipyeM 3epKajibH0 - fliicpcpysHbie rpaHHHHbie ycjiOBHH fljisi 
(pyHKu,HH pacnpeflejieHHH cooTBeTCTBeHHO fljra "nojio>KHTejibHoro" h 
fljia "oTpHD,aTejibHoro" nojiynpocTpaHCTB: 

/(+0, v) = qf F (v) + (1 - g)/(+0, -v a , v y , O, ^ > 0, (1.4) 

/(-0, v) = + (1 - q)f(-0, -v x , v y , v z ).v x < 0. (1.5) 

flajiee 6e3pa3MepHyio KoopflimaTy x\ CHOBa 6yn,eM o6o3HaHaTb Hepe3 
x. Tor^a fljia (pyHKi^iiii h(x : /i) BMecTO (1.3) mm HMeeM: 

h(x, fi) = h(—x, — /i), \i > 0. 

TpaHHHHbie ycjiOBHH (1.4) h (1.5) npeo6pa3yK)Tcsi cjie^yioinHM o6pa- 
30m: 

/i(+0, /i) = (1 - g)/i(+0, -/i), < m < 1, (1.6) 
h(x, fi) = h as (x, fi) + o(l), x — > oo, (1.7) 

r^e 

/i oa = 2C/ S ; + 2G v (x - //), 

C/ s ; = \f(3u s i - HCKOMa^ CKOpOCTb H30TepMHHeCKOrO CKOJIb>KeHH5I (6e3- 

pa3MepHa5i) . 

llpaBaa HacTb ypaBHemiH (1.1) ecTb yn,BoeHHa5i MaccoBaa CKopocTb 
KjiaccHHecKoro o^HoaTOMHoro ra3a [18]: 

l 

U(x) = - J (1 — /i /2 )/i(x, fi')dfi' . (1-8) 

-l 

Tpe6yeTC5i HaftTii CKopocTb CKOJibJKemiH ra3a it s ^ h nocTpoHTb cpyHK- 
ii,hk) /i(x, /i). fljia penieHHH stoh sa^ann pa3BHBaeTca HOBbiii 3<p(peKTHB- 
Hbift MeTOfl penieHHH rpaHHHHbix sa^aH c 3epKajibHO - fliicpcpysHbiMH 

rpaHHHHblMH yCJIOBHHMH. 

B ocHOBe npefljiaraeMoro MeTO^a jie>KHT npfisi bkjuohhtb rpamiHHoe 
ycjiOBiie Ha (pyHKi^Hio pacnpeflejieHHH b Bii^e iicroHHHKa b KimeTHHe- 
CKoe ypaBHemie. 
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CyTb npefljiaraeivioro MeTO^a coctoht b cjieflyiomeM. CHanajia (pop- 
MyjinpyeTca b nojiynpocTpaHCTBe x > KjiaccnnecKasi sa^ana Kpaiviep- 
ca 06 H30TepMHHecKOM CKOJib>KeHHH c 3epKajibHO - fliicpcpysHbiMH rpa- 
hhhhmmh ycjiOBH^MH. 3aTeM cpyHKHim pacnpeflejieHHH npoflOJDKaeTCH b 
conpa>KeHHoe nojiynpocTpaHCTBO x < hgthmm o6pa30M no npocTpaH- 
CTBeHHofi 11 no CKopocTHoii nepeivieHHbiM. B nojiynpocTpaHCTBe x < 
TaioKG (popMyjinpyeTC5i sa^ana Kpaiviepca. 

Ilocjie Toro KaK nojiyneHO jinHeapn30BaHHoe KHHeTnnecKoe ypaBHe- 
Hne pa3o6beivi HCKOMyio cpyHKHiiio (KOTopyio TaK>Ke 6yn,eM Ha3bmaTb 
(pyHKn,Hen pacnpeflejieHna) Ha ^Ba cjiaraeMbix: nenivieH — SHCKoroBCKyio 
(pyHKnnio pacnpe^ejieHHsi h as (x,Li) n BTopyio nacTb cpyHKHHH pacnpe- 
flejieHHH h c (x,fi), OTBenaioineii HenpepbiBHOMy cneKTpy: 

h(x, ll) = h as (x, ll) + h c (x, ll), 

(as — asymptotic, c — continuous). 

B cnjiy Toro, hto nenivieH - SHCKoroBCKasi (pyHKHiisi pacnpe^ejie- 
HH5i ecTb jiHHenHa5i KOM6HHaHii5i flncKpeTHbix penieHHH ncxo^Horo ypaB- 
hghh5i, (pyHKii,H5i h c (x, ll) TaK>KG 5iBji5ieTC5i pemeHHeM KHHeTHnecKoro 
ypaBHeHHH. OyHKHira h c (x, ll) o6pamaeTC5i b Hyjib B^ajin ot ctchkh. Ha 
CTeHKe 3Ta cpyHKHHH yn,OBjieTBop5ieT 3epKajibH0 - flncpcpysHOiviy rpaHnn- 

HOMy yCJIOBHK). 

^ajiee npeo6pa3yeM KHHeTnnecKoe ypaBHeHne fljra cpyHKHHH h c (x, ll), 
bkjiiohhb b 3to ypaBHeHne b BH^e njieHa Tnna HCTonHHKa, jie>KaiHero b 
njiocKOCTH x = 0, rpaHHHHoe ycjiOBne Ha ctghkg ^jm cpyHKHiin h c (x, ll). 
IloflnepKHeM, hto cpyHKHiin h c (x, ll) ynpBjieTBopsieT nojiyneHHOiviy kh- 
HeTnnecKOMy ypaBHeHHio b o6enx conp5i>KeHHbix nojiynpocTpaHCTBax 

X < H X > 0. 

9to KHHeTnnecKoe ypaBHeHne mm peniaeM bo btopom h neTBepTOM 
KBa^paHTax (pa30Bon njiocKOCTH (x, ll) KaK jinHeiiHoe ^HcpcpepeHHiiajib- 
Hoe ypaBHeHne nepBoro nopHflKa, cnHTaa H3BecTHbiM cpyHKHHio U c (x). 
H3 nojiyneHHbix penieHHH Haxo^HM rpaHHHHbie 3HaneHH5i HeroBecTHoii 
(pyHKii,HH ^(x, /j) npn x = ±0, Bxoflininie b KHHeTHnecKoe ypaBHeHne. 

Tenepb mm pa3jiaraeM b HHTerpajibi Oypbe HeH3BecTHyio cpyHKHHio 
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h c (x,/j), HeroBecTHyio cpyHKHHio U c (x) h flejibra - (pyHKHiiio flnpaKa. 

rpaHHHHbie 3HaHeHHH HGH3BGCTH0H CpyHKUHH /i^(0, fl) npH 3TOM BM- 

pa>KaiOTC5i oflHHM ii tgm >Ke iiHTerpajiOM Ha cneKTpajibHyio njiOTHOCTb 
E(k) cpyHKUHH U c (x). 

IloflCTaHOBKa iiHTerpajiOB Oypbe b KHHeTHuecKoe ypaBHemie 11 bh- 
pa>KeHHe cpyHKUHH U c {x) npiiBOfliiT k xapaKTepHCTHuecKoii ciiCTeMe 
ypaBHeHHH. Ecjiii hckjuohhtb H3 9Toii CHCTeMbi cneKTpajibHyio HJIOT- 
HOCTb $(&, /i) cpyHKUHH h c (x, //), Mbi nojiyuHM HHTerpajibHoe ypaBHeHHe 
Ope^rojibMa BToporo po^a. 

CuHTaa rpa^neHT cpyHKUHH U c (x) sa^aHHMM, pa3Jio>KHM HeroBecT- 
Hyio CKopocTb CKOJibaceHHa, a TaioKe cneKTpajibHbie hjiothocth cpyHK- 
UHH U c {x) h (pyHKii,HH pacnpeflejieHHH b pa^bi no CTeneH5iM KOScpcpH- 
n;neHTa flHcpcpysHOCTH q (sto pa^bi HeiiMaHa). Ha btom nyra mm no- 
jiyuaeM cueTHyio cncTeiviy 3auenjieHHbix ypaBHemiii Ha KoacpcpHUHeHTM 
pa^OB fljia cneKTpajibHbix njiOTHOCTeii. Etpn stom Bee ypaBHeiiira Ha 

KOSCpCpHUIieHTM CneKTpajIbHOH njIOTHOCTH flJia CpyHKUHH U c {x) HMeiOT 

oco6eHHOCTb (nojnoc BToporo nopa^Ka b Hyjie). HcKjuouaa sth oco6eH- 
HOCTii nocjie^OBaTejibHO, mm nocTpoHM Bee ujieHM pa^a fljia CKopoerH 
CKOJib>KeHii5i , a TaKJKe pa^M fljia cneKTpajibHbix njiOTHOCTeii cpyHKUHH 
U c (x) ii cpyHKUHH pacnpeflejieHHa. 



2 Heo^Hopo^Hoe KHHeTHHecitoe ypaBHeHHe 

B 3tom n. mm npeo6pa3yeM KimeTimecKoe ypaBHeHHe ^Jia cpyHK- 
UHH /i c (x,//), bkjiiohhb b 3to ypaBHeHHe B BH^e ujieHa THna HCTOH- 
HHKa, jiejKamero b hjiockocth x = 0, rpaHHHHoe ycjiOBHe Ha CTeHKe 
fljia cpyHKii,HH h c (x,fi). OyHKii,H5i h c (x,fi) ynpBjieTBopaeT nojiyHeHHO- 
My KHHeTHnecKOMy ypaBHeHHio b o6enx conpajKeHHbix nojiynpocTpaH- 
CTBax x < h x > 0. 3aMeTHM, hto cpyHKuua h as (x,n) aBjiaeT- 
C5i penieHHeM ypaBHemia (1.1). IlosTOMy HOBaa HeH3BecTHa5i cpyHKuiia 
h c (x,/j) = h(x,fi) — h as (x,fi) y^OBjieTBopaeT TaioKe ypaBHeHHio (1.1). 

Tax KaK B^ajiH ot ctchkh (x — > oo) cpyHKUHH pacnpeflejieHHa h(x, ji) 
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nepexofliiT b neriMeH — SHCKoroBCKyio h as (x : to fljia cpyHKiiHH h c (x, /i), 
OTBeHaiomeH HenpepBiBHOMy cneKTpy, nojiy^aeM cjie^yiomee rpamiHHoe 
ycjiOBHe: /& c (±oo,//) = 0. OTcro^a fljia (pyHKi^HH t/ c (x) nojiy^aeM: 

U c (±oo) = 0. 

rpaHHHHbie ycjiOBHH nepexoflHT b cjieflyromiie: 

/i c (+0,//) = -fr+(+0,/i)+ 

+ (1 - (+0, -//) + (1 - g)/i c (+0, -//), /x > 0, 
/i c (-0,//) = -/i-(-0,//)+ 
+(1 - q)h~ s (-0, -fj)(l - q)h c (-0, -fi), fi<0. 
IlepenHnieM 3th ycjiOBHH b Bii^e: 

/i c (+0, fi) = h£(fi) + (1 - q)h c {+0, -//), /i > 0, 

/i c (-0, //) = h,Q (fi) + (1 - q)h c (-0, -//), /i < 0, 

r^e 

M = -^(0, M) + (1 - 9)^(0, -rf = 

= -2gft/ a/ (gf) + (2-gf)2G t ,W. 

YHHTbiBaH CHMMeTpHHHoe npofloji^emie (pyHKi^iiii pacnpe^ejieHirH, 
HMeeM 

h c (-0, -fi) = /i c (+0, +//), /i c (+0, -//) = /i c (-0, +//). 
CjieflOBaTejibHO, rpaHHHHbie ycjiOBM nepennniyTca b BH^e: 

h c (+0, fi) = h+(/i) + (1 - q)h c (-0, fi), fi > 0, (2.1) 

/i c (-0, = + (1 - g)/i c (+0, //), fi < 0. (2.2) 

rpaHHHHbie ycjiOBHH o6eiix sa^aH mo>kho oSiieflHHHTb cjieflyiomiiM 
o6pa30M: 

h c (±0,fi) = h±(fi) + (l-q)h c (^0,fi), ±fi>0 (H<1), (2.3) 
/i c (±oo,//) = 0, ±^<0 < 1). (2.4) 
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h±(fi) = -2qU sl + 2(2 -q)G±^ 

npnneivi 

G v = -G v . 

Bo3bMeM ypaBHeHHe, co^epjKainee 06a rpaHnnHbie ycjiOBH5i (2.3): 

= 2U c (x) + \fi\[h±(fi) - qh c (+0, fi)]8(x), (2.5) 

r^e 5(x) - ^ejibTa-cpyHKi^HH flnpaita, U c (x) - nacTb MaccoBoii ckopocth 
KjiaccHnecKoro ra3a, OTBenaioina5i HenpepbiBHOMy cneKTpy 

l 

2U c (x) = IJ( 1 - /W*, V'W- (2-6) 

-l 

IlpoBepHM, hto rpaHHHHbie ycjiOBHH BKjiiOHGHbi b ypaBHeHHe (2.5). 
IlycTb, HanpHMep, \i G (0,1). npoHHTerpnpyeivi o6e nacra ypaBHeHHe 
(2.5) no x ot — e flo +e. riojiynaeM, hto 

h c (+e, fi) - h c {-e, fi) = h^(fi) - qh c {-0, fi). 

IlepexoflH k npe^ejiy npn e — > b btom Bbipa>KeHHH, nojiynaeM b 
tohhocth ycjiOBHe (2.3). 

Ha ocHOBaHHH onpe^ejieHHH MaccoBoii ckopocth (2.6) 3aKjnonaeM, 
hto fljia Hee BbinojiH^eTCH ycjiOBne C/ C (±oo)=0. Cjie^OBaTejibHO, b no- 
jiynpocTpaHCTBe x > npocpnjib MaccoBoii ckopocth ra3a BbiHHCJiseTCii 
no cpopMyne: 

1 

U(x) = U as (x) + \ J v' 2 )h c (x,n')dn', 

-l 

rfle 

U as {x) = U s i(q) + g v x, 
a B^ajin ot CTeHKH nivieeT cjie^yioinee jinHeiiHoe pacnpe^ejieHne: 

U(x) = U as (x), x ->• +oo. 
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3 XapaKTepncTHHecKaa CHCTeMa h HHTerpajibHoe 

ypaBHeHHe Ope^rojibMa 

Peniaa ypaBHeHHe (2.5) npn x > 0, \i < 0, CHHTaa H3BecTHOH Macco- 
Byio CKopocTB U c (x), nojiynaeM, yzjoBjieTBopaa rpaHHHHbiM ycjiOBH^M 
(2.3) h (2.4), cjie^yiomee penieHHe: 

+oo 

h+(x,/i) = _ ^~^JA I exp(t/fj)2U c (t)dt (3.1) 



AHajiorHHHO npn x < 0, /i > HaxcflHM: 

/,-(x,//) = ex P(~ x /^) /" exp(t/fj)2U e (t)dt (3.2) 



-oo 



TenepB ypaBHeHHe (2.5) mojkho nepemicaTb, 3atvieHHB BTopoii njieH 
b KBa^paTHoii CKoGxe H3 (2.5) corjiacHO (3.1) h (3.2), b BH^e: 

^~&x + hc<yX '^ = 

= 2U c (x) + |//|[^(//) - qhf(0, n)]6(x). (3.3) 

B paBeHCTBe (3.3) rpaHHHHbie 3HaneHH5i hf(0 : /j) BBipa>KaiOTC5i ne- 
pe3 cocTaBjisnoinyio MaccoBoii ckopocth, OTBenaioineH HenpepBiBHOMy 
cneKTpy: 

±oo 

A* J 

o 

PenieHHe ypaBHeHHe (2.5) h (2.6) Hineivi b BH^e HHTerpajiOB Oypbe: 

oo oo 

2U c {x) = — exp(ikx)E(k)dk, 5(x) = — / exp(ikx)dk, (3.4) 
2~ ./ 2tt J 

— oo — oo 

H 



oo 



h c (x,fjb) = — [ exp(ikx)§(k, [i)dk. (3-5) 
2tt J 
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ripii 3tom (pyHKinia h*(x, fi) Bbipa>KaeTC5i Hepe3 cneKTpajibHyio iijiot- 
HOCTb E(k) MaccoBoft CKopocTH cjie^yiomiiM o6pa30M: 



oo oo 



h+(x,/i) = _ exp ( I exp(t//i)dt I exp(ikt)E(k)dk = 

27T^i J J 

x — oo 

oo 

1 f exp(ikx)E(k)dk 
2tt J 1 + ikfi 

— oo 



AHajiorHHHO, 



oo 



h c (x,n) = - J 



exp(ikx)E(k)dk 



+ ikfi 

TaKHM o6pa30M, nocjie^Hiie ^Ba paBeHCTBa mojkho oGb-efliiHiiTb b or- 



-00 



ho: 

oo 



, . N 1 f exp(ikx)E(k)dk 

h c {x,fJL) = — ' 



2-7T J 1 + ikfi 

— oo 

Hcnojib3ya neTHOCTb E(k) mojkho 3aniicaTb: 

OO OO 

E{k)dk 1 f E{k)dk 



+ k 2 fi 2 7r J 1 + k 2 fi 2 

-oo 

IloflCTaBjisra nocjie^Hee paBeHCTBO bmcctg c iiHTerpajiatviii Oypbe (3.4) 
ii (3.5) b ypaBHGHii5i (2.9) ii (2.6), npiixofliiM k xapaKTepiiCTHHecKoft cii- 
CTeMe: 



E ( k ) = l J (I ~ ^Mk, fi)dfi, (3.6) 



oo 



= B(fc) - 2qUM + 2(2 - q)G„fi 2 - M f (3.7) 



noflCTaBjiHH (3.7) b (3.6), npiixofliiM k xap aKTepiiCTHHecKOMy iiHTe- 
rpajibHOMy ypaBHeHiiio: 

00 

E{k)L{k) + ^ J J l {k,k l )E{k l )dki = 
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= -2qU a Ti{k) + 2(2 - q)G v T 2 {k), 



(3.8) 



rfle 

l 

3 r fin _ f^df 


YpaBHeHHe (3.8) ecTb HHTerpajibHoe ypaBHeHHe Ope^rojibMa BToporo 
pofla. 



3 f t n ( 

T n (h) = J n (k,0) = - J -j- 

HeTpyflHO 3aMeTHTb,HT0 



3 f t n { l - t 2 )dt 
+ k 2 t 2 ' 



L(k) = 1 - T {k) = 1 - 



3 r i-t 2 

2 J 1 + k 2 t 2 
o 



dt = k 2 T 2 (k). 



Pememie ypaBHeHHe (3.9) 6yn,eM HCKaTb b Bii^e 
E(k) = 2(2 - q)G v \E {k) + q E x (k) + q 2 E 2 (k) + • • • ] , (3.10) 

//) = 2(2 - g)G w [$ (/c, //) + gf$i(fc, //) + q 2 $ 2 (k, //) + •••]. (3.11) 

CKOpOCTb CKOJIb>KeHH5I U s l(q) npH 3TOM 6y r fl,eM HCKaTb B BH^e 



C^sz = ~G V 



V + Fig + V 2 q 2 + • • • + V n q n + 



(3.12) 



lloflCTaBHM p^flbi (3.10)— (3. 12) b ypaBHemra (3.7) h (3.8). Tenepb sth 
HHTerpajibHbie ypaBHeHHe pacna^aiOTCH Ha SKBHBajieHTHyio 6ecKOHen- 
Hyio CHCTeMy ypaBHGHHii. B HyjieBOM npii6jiH}KeHHH nojiynaeivi cjieflyio- 
m,yio CHCTeiviy ypaBHeHHin 



E (k)L(k) = -VoT^k) + T 2 (k) : 



$o(/c,^)(l + ^M = Eo{k) + 
B nepBOM npn6jiH>KeHHH: 



(3.13) 
(3.14) 



oo 

E!(k)L(k) = -ViT^k) - i J J{k, k^Eoik^dku (3.15) 
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oo 

#i(fc,p)(l + ikp) = E 1 (k) - VM - M / (3.16) 



Bo BTOpOM npil6jIH>KGHIIH HtvieeM: 

oo 

E 2 (k)L(k) = -V 2 T!(k) - ^ J(Mi)£i(^i)^i, (3.17) 

o 

oo 

$ 2 (fc,p)(l + ifcp) = £ 2 (fc)-V 2 H-^ / El{ ^ 2 dk ; . (3.18) 



B n-OM npii6jiii>KGHiiH nojiy^aeM: 



oo 



E n (k)L(k) = -V n T x (k) - 1 y J^fc, k^E^k^dh, (3.19) 

o 

$ n (fc,^)(l + = 

oo 

= 5„ W - KlMl - M / n = 1, 2, ■ • • . (3.20) 

it J 1 + k(fi 2 



4 PeineHHe 3a,z],aHH 



4.1 HyjieBoe npnGjinxceHHe 

H3 (popMyjibi (3.13) fljia HyjieBoro npn6jiH>KeHHa Haxo^HM: 

£o(fc) " 1(1) ' (41) 

HyjieBoe npn6jiH>KeHHe MaccoBofi CKopocrii Ha ocHOBaHiiii (4.1) paBHo: 

oo 

Uf\x) = G v 2 ^- [ exp(ikx)E (k)dk = 
2tt J 

— oo 
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= G v — — / exp(ikx) — — dk. (4.2) 

2ir J L(k) 



-oo 



CorjiacHO (4.2) Hajio>KHM Ha HyjieBoe npiiSjiieKeHiie MaccoBoii CKopoerH 
Tpe6oBaHHe: £/ c (+oo) = 0. 3to ycjiOBiie npiiBOflHT k TOMy, hto no^biH- 
TerpajibHoe Bbipa^emie H3 HHTerpajia Oypbe (4.2) b TOHKe k = kohgh- 
ho. Cjie^OBaTejibHO, mm flOJiJKHbi ycTpaHHTb nojiioc BToporo nop^flKa b 
tohkg k = y (pyHKi^HH E()(k). 3aMeHaa, hto 

i l 

r 2 (o) = || t 2 (i - t 2 )* = ^, T!(o) = ljt(i- t 2 )dt 



3 

8' 



o 

HaxoflHM HyjieBoe npii6jiH}KeHHe Vq: 



v - T2<0) - 8 u%\ 

C noMom,bio (4.3) Hait^eM, onycKaa bbihiicjighiih, HiicjiiiTejib Bbipa- 
>KeHH5i (4.1): 

Uk) - ^r,(fc) = fc 2 (^ 5 (fc) - r 4 (fc))- 

TaKHM o6pa30M, 

r 2 (fc) - ^Ti(fe) = k 2 ip (k), 

15 

r^e 

^)-|/ (1 -r + ^-^ -(^w-^)). 

o 

HTaK, B03Bpam,aHCb k (4.1), HMeeM: 

F (hi - 

CorjiacHO (3.5) h (3.14) HaxoflHM: 



oo 



fc?W) = ^ J [^.(fc) + H(H-v.)] '7^ dfc - 



-oo 



XAPAKTEPHCTHHECKAH CMCTEMA H YPABHEHHE OPE/jrOJIbMA 15 



4.2 IlepBoe npH6jiH>KeHHe 



riepeiifleM k nepBOMy npii6jiii>KeHHio. B nepBOM npii6jiii>K6HHii H3 
ypaBHeHHH (3.15) HaxoflHM: 



1 



L(k) 



v 1 T l {k) + - f^^Mh)dh 

7T J T 2 {ki) 
o 



(4.4) 



riepBaa nonpaBKa k MaccoBOH CKopocTH HMeeT bhjj, 



oo 



UP(x) = G V 2 —^- I exp(ikx)Ei(k)dk. 



2tt 



— oo 



Tpe6oBaHHe £/ c (+oo) = npiiBO^iiT k Tpe6oBaHiiio kohghhocth no^bm- 
TerpajibHoro Bbipa>KGHii5i b npeflbi/jymeM HHTerpajie Oypbe. YcTpaHira 
nojiioc BToporo nop^flKa b tohkg k = 0, Haxo^HM: 



1 



oo 



7i(0)7r 



TxikJEoik^dh = 0.0518. 



(4.5) 



Hcnojib3ya cooTHOineHiie (3.15) h HenocpeflCTBeHHO npoBepaeivioe pa- 

BeHCTBO 

T n (k) = T n (0)-k 2 T n+2 (k), 

HaXOflHM, HTO 



Ei(k) = 



1 



oo 



T 2 (k)ir 



Sik.k^Eoik^dku 



(4.6) 



r#e 



hjih, KpaTKo: 



S(k, h) = k\ 



Ti(0) 



J 5 (k, ki) 



HJIH 



1 

T-! x Viihi) n >. If S(k 1 ,k 2 ) , 

Eiikx) = 7j7TT\, r Ae pi(fci) = - / — — - — <p {k 2 ) dk 2 
T 2 {ki) it J T 2 (k 2 ) 

o 

l 

<fi(ki) = ^ J S(k h k 2 )E Q (k 2 ) dk 2 . 
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Tenepb no^CTaBjisra (4.6) b (3.16) Haxo^HM nepBoe npn6jiiDKeHHe cnex- 
TpajibHOH njiOTHOCTH (pyHKi^HH pacnpeflejieima: 



1 



+ ik/i - 



Ei{k) 



V\\n\ 



2, ,2 



7T J 1 + kffl 



4.3 BTopoe npH6jiH^ceHHe 

riepeiifleM ko BTopoMy npii6jiii>KGHiiK) sa^ani! - sto ypaBHeHM (3.17) 
h (3.18). Ife ypaBHeHHH (3.17) HaxoflHM: 



E 2 {k) = 



L(fc) 



o 



(4.7) 



BTopaa nonpaBKa k MaccoBoft CKopoerii HMeeT bh^: 



oo 



^(s) = G,,?—* / e lkx E 2 {k)dk. 



2tt 



— oo 



YcjiOBiie t/ c (+oo) = npiiBOflHT k Tpe6oBaHiiio orpaHHHeHHOCTH 
(pyHKi^HH E 2 (k) b tohkg /c = 0. YcTpaHira nojiioc BToporo nop^Ka 
b tohkg k = b npaBOii HacTH paBeHCTBa fljia E 2 (k) 7 HaxoflHM: 



oo 



7i(0)tt 



Ti(fci)£i(£;i)dfci = -0.0031, 



(4.8) 



h, Kpoivie Toro, 



oo 



T 2 (k)ir 



(4.9) 



fljra BToporo npii6jiii>KGHii5i cneKTpajibHoii iijiothocth (pyHKn,HH pac- 
npe^ejieHHa H3 ypaBHGHH5i (3.18) nojiy^aeM: 



$ 2 {k,ii) = 



1 

1 + ik/i 



oo 



rp / 1 \ T/i I M /" Ei(ki)dki 

- vm - v/ TTI? 



V 2 
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4.4 BbicniHe npH6jiioKeHHa 

B TpeTbeM npii6jiii>KeHHii H3 ypaBHGHira (3.19) nojiy^aeM: 



E 3 (k) = 



L(k)l 



V?,T l (k) + - / J{k,k l )E 2 {k l )dk l 



7T 







KaK ii paHee, ycTpaii5i5i nojiioc BToporo nopa^Ka b tohkg k = 0, nojiy- 
naeivi: 

oo oo 

Vi = ~J J(0,k 1 )E 2 (k 1 )dk 1 = ~J T 1 (k 1 )E 2 (k 1 )dk h 



IlpoBOflfl aHajiorHHHbie paccy^K^eHiia, fljra n-ro npn6jnDKeHH5i co- 
rjiacHO (3.19) h (3.20) nojiy^aeivi (npii n = 1, 2, • • • ): 



oo 



■^Ly y T^E^k) dk, r A e £ n (fc) = 




1 



Uk) 



1 + ikfi 



oo 



77i / t \ T/ | | | A* | /" E n ^i{ki)dki 

em - VM --J 





5 CpaBHeHHe c tohhmm peineHHeM h npocjmjib 

MaCCOBOH CKOpOCTH 



5.1 CpaBHeHHe c tohhmm penieHHeM 

TaKiiM o6pa30M, 6e3pa3MepHa^ CKopocTb ii30TepMiiHecKoro CKOJib- 
>KeHH5i HaMii HaiifleHa b Bii^e psifla: 

Usi = G V ^-[V + Viq + V 2 q 2 + ...]. 
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CpaBHHM HyjieBoe, nepBoe h BTopoe npii6jm>KeHii5i npii q = 1 c toh- 
HbiM penieHHeivi. 

U sl = G V ^-[V + V lQ + V 2 q 2 + ...V n q n ], n = 0, 1, 2... 

ToHHoe 3HaHeHHe ckopocth CKOJib>KeHH5i b cjiy^ae fliicpcpysHoro pac- 
ceamra TaKOBO: 

U a (l) = 0.5819GV 
HeTpy^HO npoBepiiTb, hto b HyjieBOM (MaKCBejuiOBCKOivi) npn6jiiDKe- 

HHH 

US l (l) = 0.533(3)G W , 

T.e. HyjieBoe npn6jiH>KeHHe ^aeT oninSKy 8.4%. 
B nepBOM npii6jm>KeHHH nojiynaeivi 

U?(l) = (V + V 1 )G v = 0.b8blG v , 
3to 3HanHT, hto nepBoe npn6jiH>KeHHe ^aeT OHiii6Ky 0.5%. 

Bo BTOpOM npil6jIH>KeHHH 

Ul\l) = (V Q + Vi + V 2 )G W = 0.5820G,, 

T.e. BTopoe npiiGjiioKeHiie flaeT oniiiGKy 0.01%. 

riepexoflfl, KaK h paHee, k pa3MepHoii ckopocth CKOJiKaceHira, nojiy- 
Haeivi: 

Vi 

OTCiofla HMeeivi: 

Vi n , Vi 

Bbi6Hpaa flJiHHy CBoSo^Horo npo6era corjiacHO HepHHHbHHii [?], KaK 

/ = —y^7rj3, nojiy^aeM cjie^yiomee cooTHomemie: 
P 



Bo3Bpam,aHCb k BbipajKeHiiio fljra pa3MepHoii ckopocth CKOJib>KeHii5i, 
yHHTbiBaa nojiyneHHoe, npiixofliiM k cjie^yioineMy BbipajKemiio: 

_ 15144(a) 
8vtt/i(q!)i/o 
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B HTore nojiynaeM cjie^yiomyio cpopMyny ^jih pa3MepHoii CKopoerH 
CKOJib>KeHHH ra3a 

u s i = K v (a,q)lg v , (5.1) 

Tflfi K v - K03CpCpHII,HeHT H30TepMHneCK0r0 CKOJIb^KeHHfl, / - flJIHHa CBO- 

SoflHoro npo6era, 

15/ (a) 2-q 



K v (a : q) = 



8y/irh(oi) 2 



V + Viq + V 2 q z + 



5.2 IIpo(pHJit» ckopocth ra3a b nojiynpocTpaHCTBe h ee 

3HaneHHe y ctghkh 

MaccoByio CKopocTb, OTBenaioiiiyio HenpepbiBHOMy cneKTpy, pa3Jio- 

>KHM no CTGIIGH5IM KOSCpCpHnneHTa flHCpCpySHOCTH: 

U c (x) = UP(x) + qU^\x) + q 2 Uj: 2 \x) + • • • . (5.2) 

Tor^a npocpHjib MaccoBoii ckopocth b nojiynpocTpaHCTBe mo>kho CTpo- 
HTb no (popiviyjie: 

U(x) = U 8l (q) + G v x + U c (x), 

rpfi U c {x) onpe^ejiHeTCH paBeHCTBOM (5.2). 

KoscpcpnnneHTbi pafla (5.2) BbinncjinM corjiacHO BbmefleHHbiM Bbinie 
(popMyjiaivi: 

oo 

U^(x) = G v 2 -^ J e lkx E n (k)dk, n = 0, 1, 2, • • • . 

— oo 

BbinncjiHM CKopocTb ra3a HenocpeflCTBeHHO y CTeHKn: 

U(0) = U sl (q) + U<?\0) + ^ c (1) (0) + q 2 U^(0) + • • • . (5.3) 

B cjiynae hhcto ^ncpcpysHoro OTpa>KeHH5i MOJiexyji ot ctchkh (q = 1) 
corjiacHO (5.3) mm HMeeM 

U(0) = U sl (l) + uP(o) + f/ c (1) (o) + uP(o) + • • • . 
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OTCiofla b HyjieBOM npn6jiH>KeHiiii nojiynaeM: 

= U si (l) + ^ c (0) (0) = 0.4382GV 
B nepBOM npii6jiii>KeHHii nojiyHaeM: 

U^{0) = U sl {l) + /7 C (0) (0) + Z7 C (1) (0) = 0.4482G V , 

CpaBHHM 3TH pe3yjIbTaTBI C TOHHbIM 3HaHeHHe CKOpOCTH y CTeHKH 

(da, na) 

U(0) = -^=G V = 0.4472GV 
V5 

OTHOCHTejibHaa oniH6Ka 

O n = U[ U; q lUj • 100%, n = 0, 1, 2 



5 -"-5 -"5 5 



b HyjieBOM npii6jiii>KeHHH paBHa —2.01%, a y>Ke b nepBOM npiiGjiHJKeHiiii 
cocTaBjraeT MeHee —0.22%. 

AHajIOrHHHO CKOpOCTH CKOJIb)KeHHH, nojiyHHM npocpHjib pa3MepHOH 
MaccoBOH CKopocTH b nojiynpocTpaHCTBe. Hcxopp H3 Toro, hto 



to 



U y {x) = V l G v + G v x + G v %^- j e lkx E n (k)dk, 



hjih, ima^e: U y (x) = H(x,a)G v , r^e 



H(x,a) = V 1 + x+' 2 —^ [ e lkx E n (k)dk, 



-oo 



Tenepb nojiynaeM cjie^yioinee Bbipa^emie fljia pa3MepHoft MaccoBOH 
CKopocTH ra3a: 

U y (x) H{x,a) H(x,a) 
u y {x) = = —j=-G v {a) = -jfi-GMl. 

BbinojiHsra npeo6pa30BaHHH, airajiorHHHbie TeM, KOTopbie Hcnojib30Ba- 

JIHCb flJIH nOJiyHeHHM pa3MepHOH CKOpOCTH CKOJIbJKeHHH, npiixo^HM K 

cjie^yiomeMy Bbipa:>KeHHK) fljra pa3MepHOH MaccoBOH ckopocth: 

Uy{x) = K*(x,a)lg v , 



CPABHEHME C TOHHHM PEUIEHHEM H MACCOBAH CKOPOCTb 21 



K*(x, a) = 



15if(x, a)lo(a) 



Ha pHcymtax 1, 2 h 3 nocTpoeHbi npocpiijiii MaccoBofi ckopocth fljia 

pa3JIHHHbIX 3HaHeHHH K03(p(pHn,HeHTa flH(pCpy3HOCTH. OTMeTHM, HTO XH- 

MHHecKHH noTeHD,Haji MOJiexyji a npiiHiuviaeTCH paBHbiM —5. 





Phc. 1. ITpocpHjiB MaccoBoii ckopocth b nojiynpocTpaHCTBe, KoscpcpHHHeHT 
^H(pcpy3HOCTH paBeH: q = 1, xhmhhcckhh noTeHHHaji MOJiexyji ct = —5. 




Phc. 2. IIpocpHjiB MaccoBoii ckopocth b nojiynpocTpaHCTBe, KcecpcpHHHeHT 
^H(pcpy3HocTH paBeH: q = 0.5, xhmhhcckhh noTeHuiiaji MOJiexyji a = —5. 
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Phc. 3. Iipocbmrb MaccoBoli ckopocth b nojiynpocTpaHCTBe, KoscbcbiiirueHT 
^H(pcpy3HOCTH paBeH: q = 0.25, XHMHuecKuft noTeHiruaji MOJiexyji a = —5. 
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